Abstract. In this paper we investigate the problem what kind of (two-dimensional) Finsler manifolds have a conformal change leaving the mixed curvature of the Berwald connection invariant? We establish a differential equation for such Finslerian energy functions and present the solutions under some simplification. As we shall see they are essentially the same as the singular Finsler metrics with constant main scalar determined by L. Berwald.
Introduction
In this short note we are going to determine all Finsler manifolds of dimension 2 which admit a conformal change such that the mixed curvature tensor of the Berwald connection is invariant. It is well-known that the vanishing of the mixed curvature characterizes the so-called Berwald manifolds; see e.g. [7] and [10] . Geometrically this means that the canonical horizontal distribution (nonlinear connection) arises from a linear connection on the underlying manifold.
The conformal equivalence of Finsler manifolds is just the same as it is in Riemannian case, that is the metrical structures differ in a proportional function. The basic transformation formulas are summarized in Hashiguchi's classical paper [3] . The mixed curvature tensor (as the most of the others) is far away from being conformally invariant. Consequently, it is an interesting question whether there are conformally equivalent Berwald manifolds. This problem was originally posed in Matsumoto's paper [8] . Here we deal with a more general case prescribing only the invariance of the mixed curvature which is not necessarily zero. Our main result is the reproduction of Berwald's list of two-dimensional Finsler manifolds with constant main scalar as particular solutions.
In case of dimension n ≥ 3 the problem is solved in [13] : the invariance of the mixed curvature implies that the Finslerian energy function must be of the form A by the classification given in Section 3. We have to emphasize that these geometrical structures are always singular. More precisely, the condition of differentiability is not satisfied along a distinguished ray in each tangent space. where X, Y are vector fields on T M and J is the canonical almost tangent structure on the tangent bundle π: T M → M ; for the details see [6] . The tensor field
is the lowered Cartan tensor of the Finsler manifold. In this case we also speak of the conformal change of the metric g. It is well-known due to M.S. Knebelman that ϕ can be always written in the form
where α v := α • π is the vertical lift of the function α: M → R. For this reason the changed metric will be denoted by g α instead ofg.
Remark. Using the special form of the scale function, it can be easily seen that the Cartan tensor C defined by the formula
is invariant under any conformal change; see [3] and [9] .
2.3.
Since the fundamental form is nondegenerate there exists a unique vector field S on the tangent manifold satisfying the condition
this vector field is called the canonical spray. It generates a horizontal distribution (nonlinear connection) h in a usual manner
see [4] , [5] and [6] . The Berwald connection is one of the classical Finsler connections induced by the canonical horizontal distribution. Using the standard technical tools of tangent bundle geometry such as vertical, complete and horizontal lifts X v , X c and X h of a vector field X ∈ X(M ) the mixed curvature tensor (called as hvcurvature in [7] ) of the Berwald connection can be calculated as follows
The vanishing of
is a vertical lift, i.e. it can be interpreted as the covariant derivative of the vector field Y with respect to a linear connection on the underlying manifold.
The discussion of the problem
Suppose that the mixed curvature tensor • P α of the changed metric coincides the mixed curvature tensor • P of the metric g and let us denote by h α and h the corresponding canonical nonlinear connections. We have
which means that the vector field [
is a vertical lift; see e.g. [10] and [12] . Therefore, as an easy local calculation shows, the components of the difference tensor h α −h are linear and, consequently, the difference of the associated sprays S α and S is a quadratic vector field. As it is well-known (see e.g. [9] )
where α c := Sα v is the complete lift of α and the gradient vector field is defined by the formula i gradα v ω = dα v . Evaluating both sides on the function α c we have
where the function on the right-hand side is quadratic. This means that it can be considered as a (local) Riemannian energy function E R under the regularity
Let grad R α and grad v R α be the Riemannian gradients of the function α and its vertical lift, respectively. For the sake of simplicity we set 
Here, as an easy calculation shows,
and we arrive at the following differential equation:
where (Y (p) ). Using the Cauchy-Schwarz inequality it follows that 0 < b 2 ≤ 1. Introducing z = y y we obtain a Riccati-type equation:
If the constants a and b are arbitrary, to find the solutions seems to be very complicated. So we discuss only the extremal case b 2 = 1 under the initial condition
where K is a real parameter with the property K tv = K v for any positive real number t. Then the solution has the form
Remark. Consider a local orientation around the point p ∈ M and let us define the parameter K as follows
Under these conditions the classification A, B and C is just the Berwald's list of two-dimensional Finsler manifolds with a main scalar k p depending only on the position; see [1] , formulas 118 I-III; see also [2] . It is well-known that they are Berwald manifolds if and only if the parameter k is a universal constant; for the details see [2] and [11] .
According to the previous discussion if a two-dimensional Finsler manifold admits a conformal change such that the mixed curvature remains invariant then the energy function must be of the form A, B, C or further (implicit) solutions of the differential equation. In what follows we shall prove that in the presented explicit cases the mixed curvature is invariant under any conformal change of the metric. Throughout the proof we use the terminology and conventions described in [11] . For the first step consider the so-called Berwald frame
and F is the almost complex structure associated with the canonical horizontal distribution. The vector field X 0 is defined by the help of the usual Gram-Schmidt process such that the quadruple (C 0 , X 0 , S 0 , F X 0 ) is a (local) orthonormal frame with respect to the prolonged metric g h . Since the manifold is of dimension 2 all of geometrical objects can be characterized in terms of the Berwald frame. If
then the function I := Lλ is said to be the main scalar of the Finsler manifold in Berwald's sense. Consider now the conformal change g α = ϕg; then
we have that
i.e. the main scalar in Berwald's sense is conformally invariant; see also [3] , Proposition 1.2.
Theorem. If a two-dimensional Finsler manifold has a main scalar depending only on the position then the mixed curvature of the Berwald connection is invariant under any conformal change.
Proof. By the formula (24a) of our previous paper [11] • P(F X 0 , F X 0 )F X 0 = −[F X 0 (λ) + X 0 (Sλ)]X 0 + 2 Sλ L C 0 and, since the main scalar Lλ has the special form Lλ = k • π, it follows that
On the other hand
Using the invariance of the main scalar, a similar reasoning gives that
